This solution was obtained by Lee and

others (8) and is given as follows:

o@/p)
[ dz ]::X,G-:@ =1—2""" (5)
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The conclusions are shown in Figure 3.
When air is introduced, the saturated state
should be reached in a shorter time. To
eliminate errors in vaporization of diffusing
material during weighing and during
saturation in the apparatus before the
experiment is started, the following proce-
dure was used.

Benzene or water was weighed after air
had been introduced for 30 to 40 min. and
again after 5 or 6 hr. The rate of diffusion
was determined from the weight at the
shorter period minus the weight at the
longer period.

_ 26—97r’f

28—251’1

EXPERIMENTAL RESULTS

Diffusion takes place through the air,
screen, packed bed, and turbulent air
layer (Figure 4). If one calls the effective
diffusivities of these layers D, D,, D,,
and D,, and the partial pressure of the air
above the liquid in the container and at
the top of the packed bed P, and P,,
the following equation is derived:

— T 4 Pa AX,
N*RTlnpao/[ D,

AX, | AX, AX,]

+ D. + D, + D,
With the total length AX,, and apparent
diffusivity D,, based on partial pressures
P, and P, considered,

D, x

(6)

N In P2 )

= RT AX., " Pao

From Equation (6) and (7)
AX,,/D., = AX,/D; + AX,/D,
+ AX./D. + ax,/D, ®
1/D., = [AX./D; + AX./D,
+ AX,/D, — (AX, + AX,  (9)
+ AX)/D.J/AX,, + 1/D,

D,, was obtained experimentally. Since
the depth of bed was changed and other
conditions were kept constant, 1/D, was
obtained at AX,, equals 0 in the plot of
1/D,, and 1/AX,,.

Liquid-level change during experimen-
tation was so small that the effect was
neglected. The same fractional void was
maintained throughout the experiments.

No effect due to the shape of packing
materials was found. Crushed calcite
and sand were previously screened into
three groups: 6 to 8, 8 to 10, and 10 to
14 mesh.

Figures 5, 6, and 7 give the results.

EXPERIMENTS ON ELECTRIC CONDUCTIVITY

In the study of thermal diffusion the
temperature gradient can be estimated
from the electric-voltage gradient. It was
assumed that diffusion through packing
materials was similar to the case of
electric conduction. Thus effective dif-
fusivity obtained in this experiment was
compared with electric conductivity, a
bridge being employed to determine
electric resistance. Electric conductivity
of the solution in the packing material
voids was determined. When shot lead
was used as a packing material, electric
resistance was so small that it could not
be measured. No effect due to height was
found. (See Figure 8.) The concentration
of this solution was so high that surface
electric conductivity on { potential was
neglected.

Physical Interpretation of the Relaxation
Method in Heat Conduction

The use of the relaxation method for
numerical solutions of engineering prob-
lems was pionecred by Southwell (7).
It was introduced to the field of steady
state heat conduction by Emmons (2)
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and further developed by Dusinberre (3).
(See also references 4 to 7.) The essential
requirement that the relaxation proce-
dure must converge to give an exact
solution of the difference equations was
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EXPERIMENTAL RESULTS

Wiyllie studied the refationship between
voids and electric conductivity in the
packing bed, for example glass beads,
sand (16) and ion exchange resin (11).

Electricity was conducted three ways:
from packing material to solution,
through packing material, and through
solution. In the case of a nonconductor,
the fractional area of fluid ¢ equals the
ratio of specific electric conduectivity of
the packed bed to that of the fluid itself;
that is, k./k;. The relationship between
k./k; and fractional void e is shown is
shown in Figure 10. Wyllie (16) men-
tioned that the following equations can
be used: Archie’s equation (I)

F=¢t? (10)
Slawinski’s equation (13)
F = (1.3219 — 0.3219¢*°  (11)

where F equals 1/c. When the fractional
void 1s small, Equation (10) can be
applied, and when it is large, Equation
(11) can be used. From Equations (10)
and (11)

N (12)
¢ = ¢/(1.3219 — 0.3219¢)° (13)
Equations (12) and (13) are shown in

Figure 10.

In the case of diffusion ¢ is considered
to equal the ratio of effective diffusivity
D, to diffusivity D, without packing. -
The ratio D,/D, vs. fractional void ¢ is
shown in Figure 11, in which data ob-
tained by Piret and others (9) are also
plotted. These experimental results show
that the relationship between effective
diffusivity and the fractional void in the
packed bed will coincide with that of
electric conductivity and fractional voids.

demonstrated by Southwell (7) and more
rigorously by Temple (10), both using
the terminology of elastic-stress problems.

When the convergence proof is stated
in thermal terms, it becomes apparent
that this method is related to Prigogine’s
theorem on the minimum production of
entropy (8). The one-dimensional prob-
lem of a slab with constant surface tem-
peratures, which is divided into NV layers
for computational purposes, will be
considered. For this system the theorem
reduces to the assertation that for fixed
values of temperatures ¢, and ty all other
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t; assume such values as to minimize the
production of entropy in the system.

The rate of entropy production per
unit volume is —(¢"’/T?) grad T (&),
where ¢ is the heat flux and 7' the
absolute temperature. Hence one may
approximate ¢, the entropy production
per unit area, by

N 17
_ Gio1,s T, — Ti—l)
¢ - ; 77i2 ( Az Ax

_k 5 (ti - t)
Ar o T»i

where %k is the thermal conductivity,
Az the thickness of each layer, and ¢ the
temperature in degrees centigrade or
Fahrenheit. Assuming that |ty — &} << T,
one may write

P = (—A—:%I_d) = ; (= )" (2

(1

The problem now reduces to minimizing
@,

If one differentiates with respect to ¢;
and chooses a new value t;* to minimize
® with respect to this variable, one finds

t;‘+1 + t:’*l
¢

Corresponding to £;* is a new ®* such
that [with the help of Equation (3)]

t* =

P — &% = (f; — t,~)2
+ (f:‘ - i57'—1)2 - (ti+! - ti*>2
—t* = )’
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—2(t; — ;%)
i+ G — 6]
(=2t + b + 1)

(&il_‘tlf;l _ t‘>
2 1

P* — b= —2 @

i

where
r; = tj+1 + ti—l - 2t,' (5)

To minimize ¥ one may now choose the
point with the greatest r; (or one of
such points if the r;’s are equal for several
7) and apply Equation (3); new r;’s may
then be computed and the process re-
peated. One now notes that the r;’s are
identical with the residuals in the relaxa-
tion method and that this procedure is
identical with the basic one-dimensional
relaxation procedure.

To show that this process converges to
the desired solution one first notes that
®, as defined by Equation (2), is positive
definite and hence has a lower bound of
zero. Furthermore Equation (4) shows
that ® must decrease in each step of the
process. It follows that & must approach
a unique limit ®,,,;,. Hence for any pre-
scribed €2/2, € > 0 there must be a stage
in the relaxation process after which
P — I* < /2. It follows from Equation
(4) that |r;] < € which completes the
convergence proof. The analysis is

LEONARD WENDER and G. T. COOPER

The comments of Leva and Wen* con-
cerning the exclusion of the data of
Van Heerden, et al., in working up the
external surface correlation are appre-
ciated. However, we wish to make the
following comments.

While these data were not treated
because of a lack of bed density (or

*A.I.Ch.E. Journal, 5, No. 1, TM (1959).

Vol. 5, No. 2

fraction solids) values, we were of course
aware that methods were available for
estimating these quantities and that these
methods need to be used for applying
the correlation. However it was not felt
that the large amount of time required
for estimating bed voidages for the many
Van Heerden runs could be justified, at
the expense of working on the other data
used, because of the limited usefulness of
the Van Heerden data. While it is true
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readily extended to two or three dimen-
sions.

When the temperature difference is
not small compared with the absolute
temperature, the interpretation is some-
what more complicated, although the
steady state solution is still a state of
minimum entropy production. In any
case the relaxation procedure may also
be considered as a minimization of
the thermal dissipation function defined
by Biot (9).

LITERATURE CITED

1. Southwell, R. V., “Relaxation Methods
in Engineering Science,” Oxford Univ.
Press, especially pp. 102 to 1056 (1940).

2. Emmons, H. W., Trans. Am. Soc.
Mech. Engrs., 65, 607 (1943).

3. Dusinberre, G. M., “Numerical Analy-
sis of Heat Flow,” McGraw-Hill, New
York, Chap. 3 to 10 (1949).

4. Schneider, P. J., “Conduction Heat
Transfer,” Addison-Wesley, Cambridge,
Chap. 7 (1953).

5. Grinter, L. E., ed., “Numerica] Analysis
in Engineering,”” Macmillan, New York,
pp. 49, 104, 188 (1949).

6. Booth, Andrew D., “Numerical Meth-
ods,” Butterworth’s Scientific’ Publiea-
tions, London, pp. 110 to 141 (1955).

7. Liebmann, G., Brit. J. Appl. Phys.,
6, 129 (1955).

8. de Groot, 8. R., “Thermodynamics of
Irreversible Processes,” North Holland
Publishing Company, Amsterdam, pp-
39 to 41, 195 to 207 (1952).

9. Biot, M. A., Cornell Aeronaut. Lab.
Rept. SA-987-S-3 (May 1956).

10. Temple, G., Proc. Roy. Soc. (London),
A169, 476 (1939).

that they represent a careful study of
many variables and cover a wide range,
all the work was done at a single and
very low value (1.18) of Ly/D,. Since
the later studies of Van Heerden (cited
in our paper) appear to show a strong
and complex Ly effect in the region of
low Lg/Dy, it was felt that conclusions
resulting from the use of these data would
be less profitable than those resulting
from the study of data at higher Ly/Dr
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